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The method of direct separation of motions is used to justify an extended formulation of the integral stability criterion which
enables both “simple” and “non-simple” cases of problems of the synchronization of objects with almost uniform rotations to
be considered. It is shown, by means of examples, that the results found previously by Poincaré’s small parameter method and
by direct separation of motions, which require laborious computations, can be obtained much more simply by using an extended
formulation of the integral stability criterion. © 2005 Elsevier Ltd. All rights reserved.

The investigation of synchronization can be simplified considerably, and the results given a more
convenient form, if the so-called integral stability criterion for synchronous motions holds [1-3]. In
multiple synchronization problems, however, and in many problems involving simple synchronization
of identical unbalanced vibrodrivers and a fairly wide class of cases of practical importance (those called
“non-simple”), the integral criterion, in the form obtained by the Poincaré—Lyapunov small parameter
method, does not allow the values of the phase rotations of the vibrodriver rotors in stable synchronized
motions to be determined [2-6].

On the basis of the Poincaré and Lyapunov methods, the following remarkable property has been
observed in the synchronous motions of objects with almost uniform rotations and several other
dynamical objects [1-3]: stable synchronous motions correspond to points of a strict coarse minimum
of a certain function D (the “potential function) of the so-called generating parameters — the initial
rotation phases o, ... , o (in the self-synchronization problem — the phase differences oy — oy, where
k is the number of rotations; see below). In cases of importance for applications, the potential function
D is minus the mean Lagrangian of the system over the period of rotations; in other, slightly more special
cases — it is the mean Lagrangian of the oscillatory part of the system, that is, the system with “stopped”
rotations.

It has been proved by the use of the integral criterion, under fairly general assumptions, that a wide
class of objects display a tendency to synchronization, and various important applied problems have
been solved [2]. The extremum property of synchronous (“resonant”) motions has also been established
for motions of celestial bodies (see, e.g. [2, 7-9]).

At the same time, there are cases in which the integral criterion in the form described does not enable
one to find phase values in stable synchronous motions. This is the case, in particular, in problems of
multiple synchronization for vibrodrivers in quasi-linear systems and in various synchronization problems
for several (more than three) identical vibrodrivers [2, 4-6]. In these cases, known as “non-simple”,
the function D does not depend on some of the phases, and its minimum is therefore not strict.

It will be shown below that the integral criterion remains valid if the function D is calculated not on

the basis of the generating solution but more precisely — to the extent that this is necessary to establish
its strict minimum.
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dot: 10.1016/j.jappmathmech.2004.11.005



840 I. 1. Blekhman and N. P. Yaroshevich

1. THE PROBLEM OF THE SYNCHRONIZATION OF OBJECTS
WITH ALMOST UNIFORM ROTATIONS

This problem may be formulated as follows [2, 3]. Consider a system with generalized coordinates
(s = 1, ..., k) (“rotational coordinates”) and u, (r = 1, ..., v) (“oscillatory coordinates™). It is assumed
here that the Lagrangian of the system can be expressed as

k
1 ) . .
L = 5 2 1.9, + L_(0, §, u, u, o) (1.1

s=1
and the non-conservative generalized forces corresponding to the rotational coordinates as

Q‘Ps =- ks((ps - Gsnsm) + Gsks(ms - nsm) (12)

where [, k, and © are positive constants; o, = *1, n,; are positive integers, and «, are the so-called
partial angular velocities of rotation — the angular velocities of the rotations in the case that there are
no oscillatory motions (1, = const).

In the case of the synchronization problem for rotors, the difference between the torque L (¢,) turning
the sth rotor and the torque of the resistance forces Ry(¢;) can be expressed in the form (1.2). It is
assumed that the equations of motion of the system may be written as

[, +k(@,~0n0) =pd, s=1,..,k (1.3)
E(L)=0Q,, r=1..,v (1.4)
where E, = %—ai - a—a— is the Euler operator and (), is the non-conservative generalized force corresponding
q oq
to the coordinate g,
WP, = ok (0,-nw)-E, (L) (1.5)

u > 0 being a small parameter. The functions L_and 0, may depend both on the generalized coordinates
and velocities and on the time T = ¢, being 2r-periodic functions of ¢, and t; the functions L._and Q,,
may depend on p. The functions are assumed to be sufficiently smooth to guarantee the existence of
all solutions and expansions considered below.

The generating equations (g = 0) corresponding to Eqs (1.3) and (1.4) admit of a family of solutions

¢ = G,(n,0t + ) (1.6)

corresponding to uniform rotations at velocities |§?| = n,® and certain arbitrary phases o.
The synchronization problem is to find conditions for the existence and stability of solutions of Eqs

(1.3) and (1.4) of the form

9, = o,[not+ o +uyP oL )], u, = uP(ot p) \ (17)

where w{? and u{? are 2n-periodic functions of T = wt. A solution of this problem by Poincaré-Lyapunov
small parameter methods is presented, in particular, in [2].

2. SOLUTION OF THE PROBLEM BY DIRECT
SEPARATION OF MOTIONS

To solve the problem by the method of direct separation of motions [3], a solution of the equations is
sought in the form

@, = G,In,or+ o (1) +y (s, o, W], u, = u(t,OLN) (2.1)

where o(t) are “slow”, and y, and u, are “fast” 2n-periodic components (¢ is the “fast” and T = ot is
the “slow” time variable, and  is a “large” parameter), and it is assumed that

(ws(t, @t n)) = 0, (u(so0nu) =0 (22)
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Finally, since by the representations (2.1) the functions & occur in all relations only in the combination
n,o + &, it follows by (2.3) that the asterisk in equalities (2.9), (2.10) and (2.12) may be omitted. As
a result, the equations of slow motions (2.4) may be written in the form

aD

[0+ k6, = —a—OTs, s=1,...,k (2.13)
where
0B v du,
D = —(A+B), a_(xs = k(w,—nw)+ ;}<[Qur]a_&;> (2.14)

D is the potential function and B is the so-called potential of mean non-conservative generalized forces,
corresponding to the oscillatory coordinates (it is assumed that such a potential exists).

3. EXTENDED FORMULATION OF THE INTEGRAL CRITERION

Under the assumptions adopted above, Eq. (2.13) immediately implies (see, e.g. [10]) the validity of a
generalized formulation of the integral criterion (the extremum property) for synchronous motions of
objects with almost uniform rotations (in the synchronization problem one considers asymptotic stability
in the small, and in self-synchronization problems — asymptotic orbital stability [1--3]). Stable synchronous
motions correspond to values of the phase ¢, = const, which determine strict coarse minima of the
potential function D = D(ay, ... , o) (in the self-synchronization problem: D = D(0y — 0, ... , O3 — 04)
and one considers minima of this function as a function of the phase differences oy — o); unlike the
previous formulation, the function D may be evaluated not necessarily in the generating approxima-
tion (u = 0) but to within any approximation with respect to W, with two reservations:

(1) it is assumed in addition that oy varies slowly compared with y; and that ¢, is small compared
with n,, that is, &, <y, and 6 < n®

(2) expressions (2.10) and (2.11) must be small to a higher order than the terms included in the
evaluation of the functions A and B.

The more accurate evaluation of the function D makes it possible to establish the existence of strict
minima in those (“non-simple”) cases in which this function, in principle, has no such minima in the
generating approximation.

As before (see [1-3]), the expression for D may be simplified considerably under certain additional
assumptions.

1. If the partial velocities ®; are appropriate multiples of the synchronous velocity ®, that is,
®; = n,m, and the non-conservative forces 0, are negligibly small, then

D =-A=-([L)) (31)

that is, the potential function is the Lagrangian of the system averaged over a period, evaluated for the

function (1.7).
2. Suppose the system is linear in the oscillatory coordinates and the function L can be written as

L=rL*+L"4+1™ (3.2)
with
k Y k
L* = Y L9y 0)+ X, F Q1 o0r Py Opy .o @ik, + Y, F (D) (3.3)
s=1 r=1 s=1
1 v v
1 . il . . v
L( ! = 5 z (arjuruj— brjuruj)’ L< ) = \P((Pl’ e O Oy s (pk) (34)
r=1j=1
where a,; and b,; are constants, and L, f., F; and ¥ are functions of the variables indicated; moreover,

L, f, and F; are periodic in ¢, with period 2r. Suppose in addition that the generalized forces Q,, are
either absent or negligibly small.
Then the following relations hold

Q_A__ _ a(A(H)__A(I))
do, ~ e, OW (3.5)

AP =@y, A" =Ly
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These relations differ from those which hold for the generating solution (see [3, Chap. 3, Eq. (2.20)])
in that they hold to within terms of the order of ; this is easily established by calculations analogous
to those presented in [3].

As a result, in this case, on the assumption that terms of the order of u may be neglected in (3.5),
we can take

D= AV A (3.6)
and, in the case when A = 0, put
D =A" (3.7)

In this case, therefore, the potential function is the Lagrangian of only the oscillatory part of the system,
averaged over a period.

Incidentally, the same result may be obtained using the Hamilton variational principle, modifying
and extending Lur’ye’s work in [11].

4. EXAMPLES COMPARED WITH RESULTS OBTAINED
BY CLASSICAL METHODS

4.1. Double synchronization of two vibrodrivers on a vibrating platform (a supporting body) with one degree
of freedom (Fig. 1)

Two unbalanced vibrodrivers mounted on a supporting body are set in rotation by electric induction
motors. The supporting body can move relative to a stationary base in a certain fixed direction Ou and

is connected to the base by linear elastic elements. The equations of motion (1.3) and (1.4) for this
problem may be written as follows [2]:

L@, + k(@ —0o,n,0) = p[L(on,0) - R(n,w)]+me(ising, + gcos,)],
(4.1)
s=12 n=1, ny=2
2
Mii+c,u =y mie(§;sing;+d;cosp)) (4.2)
i=1

where m; is the mass of the rotor of the sth vibrodriver, g, is its eccentricity, I, is its moment of inertia
about the axis of rotation, k; > 0 are constant coefficients characterizing the damping, M is the mass
of the supporting body, allowing for the mass of the vibrodrivers, ¢, is the stiffness of the elastic elements,
and g is the acceleration due to gravity.

When the problem is solved by direct separation of the motions, Eqs (4.1) and (4. 2) are replaced,
via representations (2.1), by the equations of the slow and fast motions (2.4) and (2.5), where

&, = L(n,m)~ R (n,m)+me/iisin(n,or+ o+ W,) + gcos(n,or + o + )]
Equation (2.6), in turn, becomes
2

Mii+c,u = Z me;[@;sin(n;mf + a; + V) +(n,0+ lilj)zcos(nj(ot+ o+ )] (4.3)
j=1
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The periodic solutions of the equations of fast motions (2.5) are expanded in series in powers of .
Note that in the case under consideration — multiple synchronization - it is no longer sufficient to take
y; = 0 in the first approximation. At the same time, as will be shown below, it will suffice to evaluate
i, to within terms of at most the first order. On that assumption we find (p* = ¢,/M)

2
sm.€_ 0 m.eg
= ___LLZ)_Z_sinﬂs(oHas)— s szg cos(smr + o) +
8MI[(sw)’ —p’] (s®)°I,
1 s ”11‘51’”"282“)2 1. s .
+ 2(=1)°(31 - 155) i [—sm(3u)t+0t1 + o) +(=1) s1n(mt+a2-a,)]
2 MI[(20/s)" - p* 19
s=1,2
Then the solution of Eq. (4.3) takes the form
2
m€,0 j
u=- 5 cos(mr+ o) —
M(o"-p%)
2 22 2 (4.4)
4m,e,0 2mig g )
«———Z——Z—cos(th+(x2)— 5 CI— sin2(®t + o)
M4 -p") Ml o (40" - p°)

where we have written out only those terms that affect the computation of the mean Lagrangian to
within the approximation considered.

Substituting expression (4.4) into the expressions for the kinetic and potential energy of the oscillatory
part of the system

7V = %Mu'z, n" = %cuu2
and averaging them over one period, we obtain the potential function for the case in question
M m Dy AmiEimpege’
D=A"=(L"D =(T"-II""]) = —————5-sin(2o,, — a1y)
Ml (40" - p*)

As a result, the equations of slow motion, which also describe the motion in the neighbourhood of
steady synchronous motions o, = const, may be represented in the form (2.13).
The expression obtained for the function D yields expressions for the vibrational moments

woo A0 _ 45 -3omieimeygn’
P ooy MI, (40" - p°)

These expressions are exactly the same as those obtained by a more complicated procedure using
Poincaré’s method [4]. Consequently, all the other results are identical as well.

cos(20, —0y), s=1,2 4.5

4.2. Double synchronization of three unbalanced vibrodrivers mounted symmetrically on a softly vibration-
insulated plane-oscillating rigid body (Fig. 2)
The equations of motion of the system are

L, + k (@, -0onm) = u[L(6n,0) - R(n,0) +

+ mE (¥sin@, + ycos @, — rypcos@, + geos@.)l, s=1,2,3

Mi

3
> mg(§;sing; + ('p]?coscpj)
j=1

]

° " .2 .
Y me(§;cos0;— ;sing;)
j=1

My

3

.. 22 . ..

Ip = 2 m;€;r (Q;sin@;—§;cos;)
j=1
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where [ is the moment of inertia of the supporting body and r; is the distance from the axis of the sth
vibrodriver to the centre of gravity of the supporting body. The outer vibrodrivers are identical and
their axes are equidistant from the centre of gravity, that is, m&y = mses, [ = L, ry =r; = r,ry = (0.
All the vibrodrivers rotate in the same direction, the frequency of the central vibrodriver being twice
that of the outer ones: ny = n3 = 1, ny, = 2.

Applying the method of direct separation of motions via the representations (2.1), one readily arrives
at the equations of the slow and fast motion (2.4)~(2.6), where, in this case,

D, = L(n,0)- R (no)+mge][xsiny, + Xy cosy, +
+ yCOSXS - yWsSinXS + rs(pCOSXS - rs(p\'ls SinXs + gCOSXs - gWsSinXs]’ XS = Ils(l)t + as

First expanding the periodic solutions of the equations of fast motion (2.4) (in the same approximation
as in the previous example), we find

4m,e,m,¢€ m,€
ny, = ——‘A/Ill——z—zsin(wuuz-as)— L lzgcos(mt+ocs)+
1 Lo
2
(mgyr)” .
——g~1—1——[51112(00t+ozs)—sm(2cot+0L1 +o5)l, s=13
mgmyg, . . my€,g
ny, = _——A—/”—z—-[sm(wt+a2-otl)+ sin(W + 0y — 03)] — 5 cos (201 + ay)
,®
Then Egs (2.6) become
. m‘£‘(1)2 4’"182(02
¥ = — [cos(mt + o)) + cos(wr + aty)] + cos(2mt + a,) +
2migrg .
M, [sin2(wt + 0ly) + sin2( 0 + 043)]
. mlelcoz ) . 4m282w2 .
y= ——M—[51n(cot+(xl)+sm(wt+a3)]— sin(2wt + a,) + (4.6)
2mie g
77 [cos2(mt + o;) + cos2(wt + 05) ]
1
2
. mlﬁlrﬁ) . .
= - [sin(®t + o) ~ sin (W + 0(3)]

I
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where we have written out only those terms that affect the computation of the Lagrangian to within
the approximation considered.

In view of the assumption concerning the softness of the elastic supports, the mean value of the
Lagrangian is simply the mean kinetic energy of the supporting body

D = A" = (1) = MG+ 5D + 107 =

2.2 2 222 2 2.2
migi® mer® 2mgmyE8 .
= ( M 5T )cos(oz1 - 03) + ———IIM [sin(2oy — o) + sin(20; — 0y) ]

Finally, taking the equations for the slow components (mean phases of rotation of the rotors o) into
consideration, we obtain the system

IO, +ko, = L(w)-R(w)+

mEw’ M Amig mye,8
+(2——S) W (1——Z—I—)Sln(al—a3)—-—'7l‘—A7——COS(2aS—a2), s=1,3
4.7
1,0, + k0 = L,(2m) — R,(2m) + (4.7)
2m282m €,8
—-1—115/1—3—2—[cos(20c1 —0y) + cos(20; — 0,)]
1

Equations (4.7) of the slow processes leading to steady synchronous motion are exactly the same as
those obtained by the more complicated method (using the method of direct separation of motions
[5]). Hence all the other results are also the same. It should be emphasized that in the double
synchronization problems considered here, it proved sufficient to solve Egs (2.5) to within terms of the
order of u. Equations (2.6) are solved in the same way as in the “sample” case, but taking into account
the greater accuracy in the solution of Egs (2.5).
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